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Abstract: In this paper, we present a new modelling method to create 3D models. First, character-
istic cross section curves are generated and approximated by generalized elliptic curves. Then, a
vector-valued sixth-order partial differential equation is proposed, and its closed form solution is
derived to create PDE surface patches from cross section curves where two adjacent PDE-surface
patches are automatically stitched together. With the approach presented in this paper, €2 conti-
nuity between adjacent surface patches is well maintained. Since surface creation of the model is
transformed into generation of cross sectional curves and few undetermined constants are re-
quired to describe cross sectional curves accurately, the proposed approach can save manual op-
erations, reduce information storage, and generate 3D models quickly.

Keywords: 3D modelling; generalized elliptic curves; C* continuity; PDE-based surface generation;
sixth-order PDE, analytical mathematical expressions

1. Introduction

3D modelling is an important and widely used step in the production pipeline for
film and game industries. Using partial differential equation (PDE) surface patches to
create 3D models has the advantages of representing complicated polygon models with
fewer design variables and automatically achieving required continuity to avoid manual
operations to stitch two adjacent surface patches together. Owing to their analytical
mathematical expressions, this approach can also facilitate other applications such as
levels of detail for multi-resolution models and deep learning-based tasks for reducing
processing time.

In this paper, we use this partial differential equation method to create C?
continuous 3D models from generalized elliptic curves. In order to generate a
complicated 3D model, first we create a set of cross section curves. Each of the cross-
section curves is approximated by a generalized elliptic curve whose analytical
mathematical expression is in the form of Fouier series. With the help of the analytical
mathematical expression of generalized elliptic curves, a very complicated cross section
curve can be defined with fewer design variables, which decreases information storage,
speeds up network transmission, and facilitates consequent geometric processing. The
design variables involved in generalized elliptic curves are used as the input of C?
continuous PDE surface creation, which is based on the accurate closed form solution to
a vector-valued sixth-order PDE. All created PDE surface patches are automatically
connected together to obtain a C? continuous 3D model. Since all the undetermined
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constants in the closed form solution are determined by the design variables involved in 47
the analytical mathematical expression of generalized elliptic curves, the proposed PDE- 48
based modelling method also has the advantage of few design variables. 49

The remaining parts of this paper are organized as follows: In Section 2, we review 50
the related work in the area. Then, an overview of the algorithm is given in Section 3. It 51
consists of two steps: curve fitting, and creation of C* continuous PDE surfaces. A 52
number of examples and results are given in Section 4. Conclusions and future work are 53
discussed in Section 5. 54

2. Related Work 55

There are many different approaches for 3D modeling (see Figure 1). Roughly 56
speaking, they can be classified as pure-geometric modeling and physics-based 57
modeling techniques. Traditional pure-geometric modeling methods such as polygon 58
modeling [1], NURBS modeling [2, 3] and subdivision modeling [4], are widely used in 59
commercial graphics packages. Polygon modeling and subdivision modeling 60
approaches can generate detailed or branching models; they are suitable for linear 61
shapes and rigid objects. However, it is hard to use a small number of polygons to 62
accurately represent smooth surfaces. On the other hand, NURBS modeling could use a 63
few control points to create smooth curved objects. The disadvantage is the continuity 64
problem between different patches, which typically require a lot of manual work to 65
stitch adjacent patches together. 66

{ Types Methods Features Pros Cons ‘

Polygon Modeling —>  Flat and straight lines > Short render time More storage data

— NURBS Modeling > Curves and splines > i Small file size Continuity problem :

Lack of continuity §

Subdivision Modeling —>| Position data and vertices 4» Scalable detail

DISI“I?D [ ' " i Realistic, continuous Difficult to solve  :
Modeling PDE Modeling Paramettric Value ] H

Methods

;Adaptabilitv, accuracy | Large data required

Finite Element Method }—)l Multi-physics analysis |—»

Physics- : i
- base!i h ‘ Meshless Method }—)l Point Cloud Based | >t Simple to employ | naccurate/ Unstable §
Modeling H
‘ Mass-Spring }—)l Modeling elasticity |4» g Cloth, hair simulation Limitations of
o ‘ Coupled Particle bl Particles and fluid

: modeling objects ;
| > 1 Fluid flow simulation H

67
Figure 1. Comparison of different digital 3D modeling methods. 68

Physics-based modeling [5] considers the basic physics of surface deformation. 69
Compared with polygon modeling and NURBS modeling, it has the ability to create a 70
more realistic look. Physics-based modeling methods include finite element method [6], 71
finite difference method [7], finite volume method [8], mass-spring systems [9], meshless 72
method [10], coupled particle systems [11] and simplified deformation models for modal 73
analysis [12]. 74

PDE geometric modeling was pioneered by Bloor and Wilson [13] in computer 75
graphics three decades ago. Since then, PDE methods have been developed to tackle 76
various geometric modeling problems, such as surface modeling [14, 15], surface design 77
[16] and solid modeling [17], and used to represent high-speed train head models [29] 78
and optimize aerodynamic performance of high speed train heads [30]. One major 79
advantage is that the differential operator of PDE can generate smooth surfaces [18]. 80
Another advantage of using the PDE approach is that PDE surfaces can be generated by 81
intuitive manipulation of the relatively small set of boundary conditions for PDE [31], it 82
can transform geometric modeling problems into boundary value PDE problems. 83
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Therefore, the PDE modeling method can obtain continuous smooth surfaces without 84
manual work to stitch adjacent patches together. 85

Elliptic cross sections have been used in sweeping surfaces to describe human 86
shapes [19]. Surface generation from cross-sections is used in many applications, 87
especially in medical visualization. Some illustrative examples include human body 3D 88
visualization with 2D computed tomography (CT) slices [20] or magnetic resonance 89
imaging (MRI) data [21]. Different methods have been developed to reconstruct 3D 90
models or surfaces from cross sections or point clouds [22-28]. A method for modeling 91
and deforming human arm and leg by using cross section ellipses and displacement 92
diagram is proposed in [22]. Another method dealing with curve networks of arbitrary 93
shape and arbitrary topology with arbitrary direction about non-parallel cross sections is 94
reported in [23]. Barton et al. [26] presented an approach to detect if a surface can be 95
represented by sweeping of a planar profile or not. It shows applications in functional 96
architectural design. Kovacs and Varady [27] proposed an algorithm to detect and re- 97
construct the profile curves from the property that they are principal curvature lines. 98
Barton et al. [28] studied the evolution of arc spline curve which constitutes an effective 99
discretization of smooth curves. Recently an analytical mathematical representation of 100
cross section curves including generalized ellipses, generalized elliptic curves and 101
composite generalized elliptic segments was proposed and surfaces were reconstructed 102
from the curves in [24]. 103

3. Algorithm overview 104

Figure 2 shows the overall algorithm of our proposed approach. It consists of two 105
steps: curve fitting and creation of C? continuous PDE surfaces. 106

Before curve fitting, cross section curves of 3D models are created. Four different 107
methods can be used to generate cross section curves. The first method is to manually 108
draw cross section curves by artists or modellers. The second method is to extract the 109
contour of computed tomography slices. The third method is to slice 3D surface models 110
and obtain 2D cross section curves. And the last method is to reconstruct cross section 111
curves from point clouds. 112

Input Output
=3 =5
LoEDeoJ - R .==

+ + s

Asseml:;le i

Curves Reconstruction PDE Surfaces Creation
Input - (n) Input - (u, v)

| Curves Mathematical Model Surface >
113
Figure 2. Overall proposed algorithm. 114
115

In the first step, i. e, curve fitting, we use generalized elliptic curves to 116
approximate and reconstruct each of cross section curves. Then these cross section 117
curves are changed into an analytical mathematical expression with few undetermined 118
constants. We call it a generalized elliptic curve. Through this simple procedure, we can 119
get some smooth curves as well as achieve an adequate trade-off between the approxi- 120
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mation errors and the amount of data required to approximate cross section curves. It 121
works well on complicated curve-based models with smooth cross-sections. In other 122
words, the ground truth closed curves are defined by few coefficients involved in the 123
mathematical expression of generalized elliptic curves, which will be used in the 124
following processing. 125

In the second step, C? continuous PDE surface patches are constructed from 126
generalized elliptic curves obtained in the previous step. A vector-valued sixth-order 127
partial differential equation is proposed for this purpose and an accurate closed form 128
solution is obtained from the vector-valued sixth-order partial differential equation, 129
which is used to interpolate the generalized elliptic curves. The interpolation operation 130
generates a PDE surface patch. Since two adjacent PDE surface patches share three same 131
cross section curves or share the same curve, first partial derivatives, and the second 132
partial derivatives on their joint boundary, C? continuity between two adjacent PDE 133
surface patches is naturally achieved. 134

3.1. Curve fitting 135

Figure 3 shows the first step of the algorithm. In the figure, the ground truth curves 136
are highlighted in blue, the generalied elliptic curves defined by Eq. (1) below are in red, 137
and n indicates the number of Fourier series terms in Eq. (1). First, we use cross-section 138
curves of a 3D model as input. For each ground truth cross-section curve, we use a 139
generalized elliptic curve to fit it. In doing so, the ground truth curves are defined by 140
few coefficients involved in the mathematical expression of the generalized elliptic 141

curves. 142
Table 1. Errors of curve fitting 143
n 3 5 7 10
ErM 0.06481381  0.04435838 0.03104235 0.02185651
ErA 0.022548659  0.01327854 0.01153644 0.00745387
144
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Figure 3. Curve fitting example. The ground truth curves are shown in blue and fitted generalized 146
elliptic curves are in red. 147

The figure above shows the blue ground truth curves are approximated by the red 148
generalized elliptic curves very well and the errors between them are very small. When 149
n =1, large differences between the ground truth curves and the generalized elliptic 150
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curves can be seen. When n increases, the differences become smaller and smaller. When 151
n = 10, visiable differences between the ground truth curves and the generalized elliptic 152
curves disappear. 153

Good fitting accuracy is also demonstrated by the data given in Table 1. Whenn = 154
1, the average and maximum errors are ?? and ??, respectively. When n is raised to ??, 155
they are redcued to ?? and ??, which are small. When the terms are further increased, the 156
errors will be reduced further. They indicate that by using different terms in Eq. (1), the 157
fitting accuracy can be controlled and ground truth curves can be approximated 158
accurately by generalized elliptic curves. 159

Because there is no sharp points in organic shapes like a human body, through this 160
process we can get smooth curves and eliminate input sharp points if they exist. By do- 161
ing so, we can also fix errors in artist’s drawn models and improve the final results. The 162

mathematical expression of generalized elliptic curves can be written as 163
x(V) = Ay + XN_1(ayy cOSNV + by, SiNNV) 164

y() =ay, + Zﬁzl(ayn sinnv + by, cosnv) 165

z(v) = z, (1) 166

where 0 < v < 27, ay, and a,, (n =0,1,2,3,--,N) are undetermined constants, which 167
are determined by using Eq. (1) to fit cross section curves represented with discrete 168
points. As shown in Eq. (1), the parameter N could be set to different numbers in order 169
to get different resolutions and degree of approximation. 170

3.2. Creation of C* continuous PDE surfaces 171

According to [32], “there is no restriction upon the type and order of the PDE to be 172
solved” and “elliptic PDEs have been chosen to develop this technique since this kind of 173
PDE is regarded as an averaging process throughout the entire surface”. In this paper, 174
an elliptic PDE will be introduced to develop a 3D modelling method. 175

When a C? continuous PDE surface patch is created from known boundary condi- 176
tions on two boundaries, it should satisfy the position functions and the first and second 177
partial derivatives on the two boundaries. Therefore, there are six boundary conditions 178
in total. It is known that the closed form solution of a sixth-order partial differential 179
equation involves six undetermined constants, which can be used to exactly satisfy the 180
six boundary conditions. Therefore, in order to achieve C? continuity between two adja- 181
cent PDE surface patches, the following vector-value sixth-order partial differential 182

equation is proposed to define PDE surface patches: 183
BG_W 66_W = 0 184
aus " Youe
w=x,y2za+0) (2) 18

According to the above Eq. (1), the solution to the partial differential equation (2) 186

can be taken to be: 187

x(u,v) = Ayo(u) + XN_1[A (W) cosnv + By, (u) sinnv) (3) 188
y(u,v) = Ayo(u) + ZrAllzl[Ayn (W) sinnv + By, (u) cosn v] (4) 189
z(u,v) = Ayo(u) (5) 190

In the above equations (3)-(5), the undetermined functions 4,,,(w) (W =x, y, z) 191
and A,,,(w) and B,,(w) W =x, y, z;n =1,2,3,...,N) are derived in Appendix A, which 192

can be written as Egs. (6), (7), and (8) below, respectively. 193
Ayo(W) = Gyo o + Aot + Ao U% + Ao sU> + Ay aU* + dyosu® 194

w=x,y,2) (6) 195

Fora > 0, 196

Aun W) = (Ayno + Qun 1t + A 2u?)e 1% + (@, 5 + Qunatt + Ay su?)e 9ot 197
B,,(w) = (bwn‘o + bypqu + bwnyzuz)eq‘m“ + (bwn‘3 + Dy st + bwn_suz)e‘%““ 198
w=x,y;n=1,2,..,N) (7) 199

Fora <0, 200
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Apn (W) = Ay 0€0S2q0U + Ay 1SIN2G5,U + Ay 27174 COSGon U + Ay 32T Singu 201

+ayn e cosqauu + ayy se” It sing, u 202

Byn(U) = by 0€052q5,u + by 1SiN2q5u + by 2910 c0Sqon U + by s117 sin gy u 203
+byn a8t cosqunu + by, se It sing,,u 204
w=x,y;n=12,..,N) (8) 205

In what follows, we use the solution for the case a <0, i. e, Egs. (3-5) whose 206
undetermined functions are determined by Egs. (6) and (8), to reconstruct 3D shapes 207

consisting of C? continuous PDE surface patches. 208
Twelve curves shown in Figure 3 are used to demonstrate how to reconstruct three 209
PDE surface patches with €2 continuity. The mathematical equations for 12 curves C; — 210
C,, are: 211
xCi(v) = ag(") + 3N (@St cosnv + b sinnv) 212

yCi(v) = a% + Zﬁzl(af,; sinnv + bjf; cosnv) 213

26i(v) = 25 214
(i=1,23,4,..,12) 9) 215

As shown in Figure 4, the six curves €, — C, are used to construct the first PDE sur- 216
face patch (Patch 1). Then, two different methods are used to construct PDE surface 217

patch 2 and patch 3 with C? continuity. For curve C,, u = 0 of Patch 1 is the same asu = 218
1 of Patch 2. Similarly, for curve Cy, u = 1 of Patch 1 is the same asu = 0 of Patch 3. 219
Curve C; is at u = 0 of Patch 2 and C;, is at u = 1 of Patch 3. 220

The first method uses the six curves €, — Cy to construct the PDE surface patch 1, 221
the curves €; — C¢ to construct the PDE surface patch 2, and the six curves €; — €5 to 222
construct the PDE surface patch 3. With this construction method, the patch 1 and patch 223
2 at the curve C4 and the patch 1 and patch 3 at the curve Cy achieve up to C? continuity. 224

The second method calculates the first and second partial derivatives of the PDE 225
surface patch 1 at the curves €, and Cy, and use the curves €; — €4 and the first and sec- 226
ond partial derivatives of the PDE surface patch 1 at the curves €4 to construct the PDE 227
surface patch 2, and the curves Cq — Cy; and the first and second partial derivatives of 228
the PDE surface patch 1 at the curves Cg to construct the PDE surface patch 3. With this 229
construction method, the patch 1 and patch 2 at the curve €, and the patch 1 and patch3 230
at the curve Cq also achieve C? continuity. The first partial derivatives can be obtained 231
below from Egs. (6) and (8). 232

Input
e - R —Ee
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Figure 4. Surface creation example. The six curves €, — Cq (red) are used to construct the PDE sur- 234

face patch 1. 235
9A,0(u)
Vavu = awoyl + 2aw0_2u + 3aW0‘3u2 + 4awo'4u3 + Sawo'su‘} 236
(w=ux,y,2) (10) 237
Ay, (W) .
T - _Zawn,OQZnSanQZnu + 2awn,1Q2nCOSZCI2nu 238
+awn,2 (QIneqlnuCOSanu - QZneqlnuSiannu) 239
+awn,3 (qlneqlnu SiTl QZnu + ane‘hnu cos q2nu) 240
_awn,4(q1ne_q1nuCOSQZnu + QZne_qlnuSiannu) 241
+awn,5(_q1ne_q1nu5inq2nu + QZne_qlnuCOSanu) 242
0Byn(w) .
T - _wan,OQZnSanQZnu + 2bwn,1Q2nCOSCI2nu 243
+bwn,2 (qlneQInuCOSQZnu - QZneqlnuSinQZnu) 244
+bwn,3 (qlneQ1nu Sin QZnu + QZneqlnu cos QZnu) 245
_bwn,4(q1ne_q1nuCOSQZnu + QZne_qlnuSinQZnu) 246
+bwn,5(_q1ne_q1nu5in(hnu + QZne_qlnuCOSQZnu) 247
w=x,y;n=1,2,..,N) (11) 248
And the second partial derivatives can be derived from the above equations (10) 249
and (11) and have the forms below 250
0%4,,0(w)
6‘2102 = zawo'z + 6aW0‘3u + 12awo'4u2 + ZOaWO’sug 251
wW=XxY2Z
Yy 12 252
024, (W)
_ 2 2 o
EWE = =40y, 095,C052q20U — 4Ayypn 145, SIN2q U + 253
Awn,2 (g7nen cosqantt — 2q1nGone " singy,u — q3,e 1n cosqyu) + 254
Awn,3 (gfne®n* sin qoptt + 2q1nG2ne ™" €OS Gouu — g e Tintsing,,u) + 255
awn,4(Q12ne_q1nuCOSQZnu + 2‘Ilrqune_qmu sin qrnU — qzzne_qlnuCOSanu) + 256
awn’s(qfne‘%n”sinqmu — 2q1nqzne” M cosqrau — qgne_qlnusm%nu) 257
0”Byyn (W)
_ 2 2 o
F —4byn 0q52,€0S2qo0U — 4by,, 1G5, SIN2qu + 258
bun,2(qine ™ cosqantt = 2q1nq2ne " SiNG2RU — q5,e 1M COS o) + 259
bym,3(qine ™ sin qantt + 2q1nq2ne ™" €0S qontt — qne M singyau) + 260
bwn,4(q12ne_q1nucosq2nu + 2‘Iln‘bne_qmu sin qrnU — qzzne_qlnuCOSanu) + 261
bwn’s(qlzne‘%n”sinqmu — 2q1nq2ne” M cosqrau — qgne_qlnusm%nu) 262
w=x,y;n=1,2,..,N) (13) 263

Substituting u = 0 into Egs. (10) — (13), we obtain the first and second partial deriv- 264
atives of the PDE surface patch 2 atu = 1. They together with the curves C; — C, are 265
used to construct the PDE surface patch 2. 266

Substituting u = 1 into Egs. (10) — (13), we obtain the first and second partial deriv- 267
atives of the PDE surface patch 3 atu = 0. They together with the curves Cg — Cy, are 268
used to construct the PDE surface patch 3. 269

3.2.1. PDE surface Patch 1 creation 270

The six curves C, — Cqy for Patch 1 are atu=0,u=02,u=04,u=06u=038, 271
and u = 1. At these positions, the PDE surface patch 1 passes through the six curves, 272

which gives six equations for x component, y component, and z component. 273
For the middle PDE surface patch 1, we introduce the superscript P1 into Egs. (3)- 274

(5) and change them into: 275
xP(u,v) = AP (w) + XN_,[APY(w) cosnv + BEY (w) sinnv] 276

yPH(u,v) = AS(w) + TN_,[APE (W) sinnv + BhE(u) cosnv] 277

zPt(u,v) = AP} (u) (14) 278

The middle PDE surface patch 1 is created from 6 curves €, — Cyo. The PDE surface 279
Patch 1 passes through the Curves €, — Cg, which gives the following equations. 280
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Pl0.20) + Z 1[APL(0.21) cosnv + BEL(0.2i) sinn v] 281

‘*4 + 3N (a5 cosnv + bCH sinnv) 282

A35(0.21) +Z 1[AP%(0.20) sinnv + BFL(0.2i) cos nv] 283

= ac""‘ +Xh=1(ay, Citt sinnv + b;"l” cosnv) 284

APL(0.20) = zf‘*‘* 285
(i=0,1,2,3,4,5) (15) 286

where the superscript “P1” indicates the first PDE surface patch. 287
Although the values of the parametric variable u are taken to be uniform, i. e, u = 288

0.2i (i=0,1,2,3,4,5), the values of Zf 4 can be arbitrary, i. e., uniform or nonuniform 289
since the function A4,o(u) for the z component involves six undetermined constants to ex- 290

actly satisfy arbitrary variations defined by the six values of zf e 291
The above equation (15) can be changed into the following three groups of equa- 292
tions 293
APL(0.20) = ac”‘* 294

w=x7y,2z 1—0123,4,5) (16) 295

APL(0.20) = ali+ 296

w=x,y,i=0,1,2,3,4,5) a7y 297

BPL(0.2i) = bii+ 298

w=x,y1=0,1,2,3,4,5) (18) 299

For the PDE surface patch 1, we introduce the superscript P1 into Egs. (6) and (8) and 300
obtain: 301
Al (W) = alyoo + afo U+ afg u + afsud + alput + ang su® 302

(w=x, y, z) (19) 303

Afv%‘t(u) (awn 0 wn 1u + awn ZuZ)ernu + (awn 3 + awn 4u + a\fvil Suz)e_qonu 304
Bht(w) = (b o+ bEL ju+ bEL u?)edont + (bEL 5 + bEL ju + bhY cu?)e™dont 305
w=x,y,n=12,..,N) (20) 306

Substituting Eq. (19) into the above Eq. (16), the first group of equations is changed 307

into below 308
afh o+ 0.2ialh, + 0.04i%al} , + 0.008i%al} 5 + 0.0016i*al} , + 0.00032i%al} s = ali+* 309
w=x,v,20=0,1,2,3,4,5) (21) 310

Substituting the first of Eq. (20) into the above Eq. (17), the second group of equations 311

is changed into below 312
abl ,c0s0.4iq,, + abl, 1sin0.4iq,, + akl ,e%%%nc0s0.2iq,, + ahy se%211n sin 0.2iq,, 313
+ab} 6”020 c050.2iq,, + abl se 02Minsin0.2iq,, = ayit 314
w=x,y;n=12,..,N;i=0,1,2,3,4,5) (22) 315

Substituting the second of Eq. (20) into the above Eq. (18), the third group of 316
equations is changed into below 317
bPL 1c0s0.4iqy, + bhY 15in0.4iq,, + bhY ,e%211nc050.2iq,, + bEY, 5e%%191n sin 0.2iq,, 318

+ bhY 4e7 02 nc0s0.2iqy, + bhy se 0% insin0.2iq,, = pSixs 319
w=x,y;n=12,..,N;i=0,1,2,3,4,5) (23) 320

Solving Eq. (21), we obtain the undetermmed constants awm (W =x,y,z, i = 321

0,1,2,3,4,5). Solving Eq. (22), we obtain the undetermined constants awm w=x,y;n= 322
1,2,..,N; i =0,1,2,3,4,5). Solving Eq. (23), we obtain the undetermined constants b}},; 323
w=x,y;n=1,2,..,N;i=0,1,2,3,4,5). After that, substituting awol (w=x,y,z i= 324
0,1,2,3,4,5) into Eq (19), awmandb‘f,m(w—xy,n—IZ ,N;i=0,1,2,3,4,5) into 325
Eq. (20), and then substituting Egs. (19) and (20) into Eq. (14), we obtain the PDE surface 326
pacth 1. 327
3.2.2. Creation of PDE surface patch 2 328

Two methods can be used to create the bottom PDE surface patch 2. The first meth- 329
od uses the six curves C; — Cg4 to create the PDE surface patch 2, and the second method 330
uses the curves C; — C, and the first and second partial derivatives of the PDE surface 331
patch 1 at the curve C,. For creation of the bottom PDE surface patch 2 from 6 curves C; 332
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— Cg, the three curves C, — C¢ are shared by both PDE surface Patches 1 and 2 to ensure 333
C? continuity on the curve C,. 334

Wlth the first method, we use a’, JC,E,, and a 0 (i=1,2,3,4,5,6) to replace a

and aZ0 (j=4,56,7,89),and ali; (Ww=1x,y,2i=0,1,2,3,4,5), and als; and L% ,(w = 336
xy, =1,23,..,N;i=0,1,2,3,4,5) to replaceawol(W=x,y,z,l—0,1,2,3,4,5), and 337
ahn; and b‘,’f,nl (w =x,y;n=1,2,3,..,N;i=0,1,2,3,4,5). Same as the above treatment, 338
we obtain afs; W =1x,y,2zi=0,1,23,4,5), al?;andb}% ;. With the obtained al3; 339
w=x,y,21=0,1,23,4,5), awnlandb":,m w=x,yn=123,.,N;i=0,1,2,3,4,5), 340
we create the PDE surface patch 2 between 0.0 < u < 0.6, which achieves up to C? conti- 341
nuity with the PDE surface patch 1 at u = 0.6 of the PDE surface patch 2, which is on the 342
curve C,. 343

With the second method, the PDE surface pacth 2 shares the same first and second 344
partial derivatives with the PDE surface patch 1 on the curve C,, and the PDE surface 345
patch 2 passes through the curves C;-C,. According to these requirements, we obtain 346

C .
a 335

a xO’ y0

xO’

the following equations: 347
owr?(1,v) _ awP1(0,v) "

2w”gl(ll, V) OZW(?J{L(O, v)
ou? - ou? 3
w=x,52) (24) 350
wP2(i/3,v) = C;(v) 351
w=x,9,2z1=0,12,3) (25) 352
where 353
xP2(u,v) = AP2(w) + XN_,[AR2(w) cosnv + BE2(u) sinnv] 354
yP2(u,v) = ﬁ(u) + 3N 1[ P2 (W) sinnv + BY2(u) cosnv] 355
zP?(u,v) = AP2(0) (26) 356
The undetermined functions Af3(w) (w =x,y,2z) and AR%(u) and Bf2(w) (w= 357
x,y;n=1,2,3,..,N) involved in Eq. (26) are determined by solving Egs. (24) and (25). 358
The details of solving Egs. (24) and (25) are given in Appendix B. 359

With the obtained al3; (W =x,y,2;i=0,1,2,3,4,5), al? ;and b2, W=x,y;n= 360
1,2,3,..,N;1=0,1,2,3,4,5), we create the PDE surface patch 2 between 0.0 <u < 1.0 361
with Eq. (26), which achieves up to C? continuity with the PDE surface patch 1 atu = 1.0 362

of the PDE surface patch 2. 363
3.2.3. Creation of PDE surface patch 3 364
With the same method as creating PDE surface patch 2, we create PDE surface 365
patch 3, which can be written as the following equations. 366
xP3(u,v) = AR3(w) + IN_,[AP3 (w) cosnv + BE? (u) sinnv] 367

yP2(u,v) = AP3(w) + TN, [AP3 (W) sinnv + B3 (u) cosnv] 368

27 (u,v) = A55(0) (27) 369

4. Results 370

The above method and corresponding mathematical equations have been imple- 371
mented using C++. The implemented computer program consists of two parts. The first 372
part determines the coefficients involved in Eq. (1) by fitting it to cross section curves, 373

and the second part determines the undetermined coefficients aly; (w =x,y,z; i = 374
O12345)andawmandb‘f,m(w—xy,n—123 Nl—012345)f0r the PDE 375
surface patch 1, al3; (w=x,y,2z i=0,1,2,3,4,5) and a/4; and b‘ﬁ’,m (w=x,y;n= 376

1,2,3,..,N; i =0,1,2,3,4,5) for the PDE surface patch 2, and a’y; (W=x,y,z, i= 377
012345)andawmandb$m(w—xy,n—123 ,N;i=0,1,2,3,4,5) for the PDE 378
surface patch 3. 379

Figure 5 gives an example of creating the parts of shoulder, body, left arm and leg 380
with the above obtained PDE surface patches. 381
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Figure 5. The cross section curves and created human body parts.

Figure 6 shows the cross section curves of human body and reconstructed human
body in front and side views. The reconstructed and rendered human body models
show our method can obtain smooth models without any manual operations to stitch
adjacent patches together.

Input Output
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Figure 6. The cross section curves of human body and created human body model in front and
side views using C? continues PDE method.
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Figure 7 shows smooth models of a vase, a horse belly, elephant front legs, and an
elephant nose generated from vertical or horizontal cross section curves by using the
method proposed in this paper.
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395

(a) (b) (©)

Figure 7. Surface shape generation from cross section curves by using the method proposed in 396
this paper. (a) a smooth vase model, (b) a horse belly model, (c) front leg and nose models of anel- 397
ephant. 398

5. Conclusions 399

We have developed a PDE-based modelling method to create 3D models in this pa- 400
per. Fourier series have been used to define generalized elliptic curves, which can ap- 401
proximate ground-truth cross section curves with few coefficients and high accuracy. A 402
vector-valued sixth-order partial differential equation has been proposed to construct 3D 403
models from cross section curves and achieve C? continuity between two adjacent PDE 404
surface patches. The accurate closed form solution to the vector-valued sixth-order par- 405
tial differential equations has been derived, and the undetermined constants involved in 406
the closed form solution have been determined by interpolating cross section curves 407
while keeping C? continuity between two adjacent PDE surface patches. A number of 408
examples have been presented to demonstrate the application of the proposed method 409
in creating 3D models from cross section curves. 410

With the help of the physics-based analytical mathematical solution, a very compli- 411
cated cross section curve can be represented with few variables. Compared with the 412
polygon modeling, the proposed approach generates complicated and smooth surface 413
models with fewer design variables and requires less hardware storage. In comparison 414
with NURBS modeling, the proposed method has no continuity problem between differ- 415
ent patches, which leads to the advantages of saving manual operations and reducing 416
geometric modelling workload and time. 417

Moreover, the presented examples show that our method is accurate and effective 418
in creating 3D surface model from cross section curves. Because of fewer variables and 419
analytical mathematical expression, the proposed approach is applicable to many appli- 420
cations involving heavy calculations such as machine learning-based shape reconstruc- 421
tion and computer animation and situations such as level of detail where different reso- 422
lutions of a geometric model are used for different visual requirements. 423

The limitation of our method is additional processing of 3D models with more than 424
one branch. For this situation, 3D models are segmented into parts. Each part is created 425
with the method proposed in this paper. When two adjacent part models cannot be di- 426
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rectly connected together, a transition surface is created to connect the two adjacent part
models together. The transition surface is defined by two boundary curves respectively
on the adjacent part models and the continuity requirements on the two boundary
curves. The blending method proposed in [33] can be used to create the transition sur-
face, which smoothly connects the two adjacent part models together with C? continuity.

Our work opens up several directions for future work. The first direction is input
data processing. Although the method of reconstructing cross section curves from point
clouds is mentioned in Section 3, how to obtain reconstructed cross section curves has
not been discussed in this paper. In our following work, we will develop a new method
to reconstruct Fourier series-represented cross section curves from point clouds.

The second direction is to extend the proposed method to more modelling applica-
tions of organic models and smooth man-made models. These organic models and
smooth man-made models include non-human animals such as horses, bell peppers,
vases, mountain contours, and streamlined aircrafts, trains and cars. We will investigate
these modelling applications in our following work.

This paper discusses 3D modelling based on cross section curves. Actually, the
method proposed in this paper can be extended to deal with spatial curves. In this case,
the position component z is also the function of the parametric variables u and v. The
undetermined constants involved in the z component function can be determined with
the same method as the one used to determine the undetermined constants involved in x
and y component functions.
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Appendix A. Determination of the undetermined functions 4,,,(u) (W =x, y, z) and
A,n(w) and B,,,,(w) w=x, y, zzn=1,2,3,...,N)
Substituting Eq. (3) into Eq. (2), we have
A;%) (w) + zyzl[A;iB (w) cosnv + B,Efl) sinnv] —an® ¥N_ [A(w) cosnv +
B.,(w) sinnv] =0 (A1)
Substituting Eq. (4) into Eq. (2), we have
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Agfo) (w) + Zﬁzl[Ag,? (w) cosnv + B;fl) sinnm| —an® ¥N_;[A,,(W) cosnv +
By,(uw) sinn v] =0 (A2)
Substituting Eq. (5) into Eq. (2), we have
A9w) =0 (A3)
The above equations (A1), (A2) and (A3) can be rewritten as the following equa-

tions
A‘(,fg w=0 w=xy,2) (A4)
A‘(,f,)l(u) —anf4,,,(u) =0 w=x,y;n=1,23,..,N) (A5)
B‘,(\,G,f(u) —an®B,,,(u) =0 w=x,y;n=1,23,..,N) (A6)

The solution to the ordinary differential equation (A4) is:
Ao (W) = Qoo + Qo 1t + @yyo U + Ao 3u® + Ao U + ayosu’
w=x7y72) (A7)

Substituting 4,,,(u) = e™* into the ordinary differential equation (A5), we obtain

the following characteristic equation:
rP—an®=0
Whena > 0,
1} = +n®Va
For 3 = nVa, we have
T2 = nYlal = qon

where

qon = nY/lal (A8)
For ;> = —n3va, we have

6
Thas6 = — N+ lal = —qon

“““

obtained as:
Aun W) = (@yno + Qun 1t + A 2u?)e 1% + (@, 5 + Qunatt + Ay su?)e 9ot
w=x,y;n=1,2,3,..,N) (A9)
The same method is applied to Eq. (A6) to obtain
Bun ) = (bumo + bun 1t + buyn2u?)edm% + (b, 5 + byypatt + by su?)e~dont
w=x,y;n=1,2,3,..,N) (A10)
When a < 0,
13 = 4n3/—|a|l = £in3/|a| (A11)
where i is the imaginary unit.
Cubic roots of the imaginary unit i are: 0.5(v3+i), 0.5(—V/3+i), and -i.
Substituting them into Eq. (A11), we obtain the following six roots.
From 13 = in3,/|a|, we obtain
Tny =n3lal x 0.5(vV3 +1i) = O.SnW(\E +1) = qun + Goni
o = n3/lal x 0.5(—\/§ + i) = O.Sni/m(—\/g + i) = —Qqn + Gonl

Tz = n¥flal X (=) = —2qzpi (Al12)
where
qin = 0.5v3n/lal
@an = 0.5n%/|a| (A13)
From ;2 = —in3,/|a|, we obtain

Twe = —ni/lal X 0.5(V3 +1i) = —O-SHW(\/g +1) = —Gin — Gonl
Tns = —nlal x 0.5(—V3 + i) = —0.5n%/]al(—V3 + i) = q1n — qoni
The = —n3 lal X (=i) = 2q;ni

obtained as:
Ay (W) = Ay 0€COS2q0U + Ay 1SIN2G5U + Ay 2917 COS G U + Ay 32717 SiN gynu
+ayn 8" cosqru + ayy, se "Mt sing,u
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w=x,y;n=1,2,3,..,N) (A14)
Using the same method to solve Eq. (A6), we obtain
By (W) = byn,0c0S2q,nu + by 1SiN2q,,u + by, e cosqynu + by, 32917 sin gy u
+byn 8”1 cosqunu + by, se” MM sing,,u
w=x,y;n=1,2,3,..,N) (A15)

Appendix B. Determination of the undetermined functions A% (u) (w = x,y,2) and
APZ(w)and BY2(w) W =x,y;n=1,2,3,..,N)

In order to determine the undetermined functions A% (u) (w = x,y,z) and AFZ (w)
and Bf2(u) (w =x,y;n=1,2,3,...,N), we first calculate the first and second partial de-
rivatives of the PDE surface patch 1 at u = 0, i. e,, on the curve C,.

Substituting Eqgs. (14) and (26) into Eq. (24), we obtain the following equations de-
scribing the continuity of the first and second partial derivatives.

GARZ(1) < [9AT2,(1) aBE2(1) APL(1)
—+Z ——— oSN+ ——sinnv| =———
ou u u u

o [9ARL (1) IBEL(1)
+Z ——FF—coSnv + 75”’17’“)
ou ou
D2AP2(1) < [02AFZ (1) 92BE2(1) 92454 (1)
76112 + ; 76112 cosnv + 76112 S = 76112
n=
N i 92APL (1) L OB
1 auz cosnv auz sinnv
n=
w=1x,,72) (B1)

Equalizing the coefficients of the constant terms, the cos n v terms, and the sinnv
terms, respectively, the above equations are changed into:

A _ 0AG(D)

ou  du
92ATH(1) 24T
ou?  ou?
w=x,y,2) (B2)
OARZ,(1)  9ARL (1)
du  du
0Bya (1) 9BGL(1)
ou  du
AR (D) ARL(D)
ouz  ou?
0*Byn(1)  9%Bin(1)
ouz  ou?
w=x,y;n=1,2,3,..,N) (B3)

Introducing the superscript P1 into Egs. (10) and (11) and setting u = 0, we obtain
the following equations:

4% (0)
Pw@ = afh, w=xy2) (B4)
2445 (0) P1 P1
T 2awn 192n + awnz(hn + awn 3q2n — Awn,aqin + Aywn,592n
aBP1L(0)
‘gz = Zb\fm 192n t bwn,qun + bwn,3q2n - bV}l)/}lA—qln + bvlfz}z,sfhn
w=x,y;n=1,23,..,N) (B5)

Introducing the superscript P1 into Egs. (12) and (13) and setting u = 0, we obtain
the following equations:
224810 P1
u? =2a Awo,2 (W=x;y;z) (B6)
62A‘F”V}“(0) qinl qint
T ouz _4awn Oan wn z(qlne - q € )+ 2awn 31nq2n t
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2 P1
awn 4 ((hn CIZn) - 2awn,S q1n92n
2BER(0) _

JuZ _4b\1;n Oan + b\ﬁm Z(Q1n QZZn) + 2b|5\)1}1,3q1nq2n +
bvin 4(Q1n QZn) - wan,S‘hnCIZn
w=x,y;n=1,23,..,N) (B7)

Introducing the superscript P2 into Egs. (10) and (11) and setting u = 1, we obtain
the following equations:

4R _ 2 3 4 5
Pk andy + 205, + 3abh 5 + 4aks . + 5007 s
(w=x,92) (B8)

aAPZ (1) _ P2 . P2

u = ~2Qwn0q2nSiN2G2y + 20y 1920C0S2q5n +
afvi,z (q1ne®mcosqan — qape?insingyy,) +
afv%m (qine®m sin gz + qane91™ cos qzy) —
a,f,%l_4(q1ne_q1"cosq2n + qane”Mnsing,y,) +

P2 - : -
awn,s(_‘hne Tinsing,, + qane” 11 cosqay)
9BLR() _

ou Zb\fm OanSinqun + vaﬁ,/% 1G2nC0Sq2n t
b2 (G1n€91"COSqap — qone i nsingsn) +
bum,3(@1n€917 SIN @3y + G209 €OS G3p) —
wn,4(q1ne qlnCOSQZn + q2n€ qlnSanZn) +
bim,s(—G1ne”1SiNG2n + q2ne”mC0Sqan)
w=x,y;n=12,3,..,N) (B9)
Introducing the superscript P2 into Egs. (12) and (13) and setting u = 1, we obtain
the following equations:

0% Ay0(1)
= = 2a0% , + 6alh s + 12a% 4 + 2040 s
W =xy2) (B10)
924P2 (1
a‘:;( ) 4awn OanCOSZan - 461‘},31’1(]22"51.712(]2,1 +

; 2
wn 2(q1n€q1"C05q2n quanneqlnSanZn - aneqlnCOSan) +
2 .
wn,3 (‘hneqln sin qon + quanneChn COS {n — anequanZn) +
P2 2 ,- - : 2 ,—
Ayna(qine T c0Sqay + 2q1nq2ne” T SIN Qo — qine”1MC0Sq2,) +
P2 2 - : - 2 - ;
Q5 (qin€” TMSiNG2y — 2q1nq2ne” 11"C0Sqan — qine " 1nsiNG,y)
92BF2 (1)
wn — P2 P2 2 o
ou2 - _4bwn OanCOSZan 4bwn,1q2n51n2q2n +
2
wn Z(qlneqlnCOSan - quanneqlnSlann aneqlnCOSan) +
P2 2 :
bwn3(q1neq1n sin q2n + quanneqln COS qon — aneqlnSlann) +
P2 2 -
bwn 4(Q1ne q”’COSCIzn + zchanne @i sin qon — q2n€ qlnCOSan) +
P2 2 - :
bwns(qlne quanZn - zchanne qmcoqun q2n€ qlnSlann)

w=x,y;n=123,..,N) (B11)

Substituting Egs. (B4), (B6), (B8) and (B10) into Eq. (B2), the following equations are
obatined.

alpq +2al5, + 3055 +4alh s +5ahhs = aloy
2a3%5, + 6ahs +12a0 4 + 20al%s = 2a55,,

w=ux,2) (B12)

Substituting Egs. (B5), (B7), (B9) and (B11) into Eq. (B3), the following equations are
obatined.

—=2ay% 0920 SiN2q5n + 235, 142,C0S 2G5 + iy 2 (410 T17COSqoy — G2neT1msing,y)
+ ay}, 3(q1ne % Sin @z, + a7 oS )
- afﬁm(qlne_qlncosqzﬂ + qone”Mnsing,y) + a@%,s (—qine~Tnsingy,
+ qzne "1 c0sq5p)
= 2abn1q2n + Aon2Gin + An3Qon — Ainalin + Aoy 5920
_4awn OQZnCOSZan - 4a5/%1,1Q%nSinZQZn + a\}/)v%l,z (qlzneqlnCOSan - ZChnCIZneqlnSinCIZn -
Q3ne1mC0Sqan) + a 5(qEne ™ Sin qon + 2q1nqane ™™ €OS Gop — qEneT1nsingyy) +
a\ﬁ/%tA(lene_qmcosqzrl + Z‘hn‘hne_qln sin qon — qzzne_qlnCOSQZn) + a\}:/Zn,S (q%ne_quiann -
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ZQIanne_qlnCOSan - qzzne_qlnSiann) = _4a\}/)v}1,0q22n + aﬁ/}l,z (qlzneqlnu - q%nethnu) +
20l 3q1nG2n + Wi a (@30 — G3n) — 2057 510020
w=x,y;n=1,23,..,N) (B13)

—2by7 042nSIN2q2n + 2bY7 1G2nCOSqan + by 2 (q1,€T17COS oy — qrne¥insings,,)
+ by 3(qine 7 sin @y + q2ne91 €O q2y)
Wn4(‘hne qlnCOSQZn + q2n€ qlnSanZn) + bwns( qin€ qlnSanZn
+ gone”1mcosq,n)
= wan 1qan T b\f’}l,qun + blf/}l,3q2n - bV}l)/}l,‘l—qln + bl{:}}l,SqZTl
bvfl’/n OanCOSZan bvfl’/n 1q2n5"n2q2n
+ b\fm 2(qine®mcosqyn — 2q1nGane N sing,, — q3,e711C05q,y)
b\fm 3(qine ™ sin @y + 2q1nq2ne7 €OS @y — q5,e91msiNg,y)
+ b\f/n4(q1ne qlnCOSan + ZQ1nQZne Qin sin qon — qzzne_qlnCOSan)
b\fms(‘hne UnsinGyn — 2qinGzne 11"COSqrn — qine " Insing,y,)
- _4bvfl’/n 0q2n + val)/n Z(qln CI22n) + Zb\fz}l,Sqlann + b\f/}u} ((hzn - q%n)
- wan,s‘hn‘bn
w=x,y;n=1,2,3,..,N) (B14)
Substituting Eq. (26) into Eq. (25), the four equations in Eq. (25) are changed into
the following ones:

N
AP2(i/3) + Z[Airzl(iﬁ) cosnv + BE%(i/3) sinnv]
C‘“ + z:(ac‘+1 cosnv + biH sinn v)
ADS(i/3) + Z AP2(i/3) sinnv + Bb2(i/3) cosnv]

i . o
=ay; "+ Z(a Jrsinnv + byt cosnv)

AB2(i/3) = C“l

(i=0,1, 2 3) (B15)
The above equation (B15) can be changed into the following three groups of equa-
tions
AR @/3) = agg?
(w—xy,ZL—0123) (B16)
AR (/3) = aCHl
(W=x,y,1—0123n—12,3,...,N) (B17)
Bin(i/3) = by
w=x,y,i=012,3n=1,23..,N) (B18)

where a, ‘“ = ZCC"+1 (i=0,1,2,3).
Following the same method used to obtain Egs. (21)-(23), we obtain the following
equations from Egs. (B16)-(B18).
af3o +iaf3, /3 +i2al3,/9 + i3l 3 /27 + i*ak? /81 + i%al% s /243 = alitt

(w—xy,ZL—0123) (B19)
in din | iqyp
ab? 0cos2iqyn/3 + aby 15in2iq,, /3 + al}, e 3 c051q2n/3+awnge 3 sin 3
iq1n iq1n
+ ab? ,e7 3 cosiqy,/3 + abise” 3 Slman/3 = ac“r1
w=xy;i=012,3n=123,..,N) (B20)

iq1n iq i
bF2 1c0s2iqy,/3 + bhA 1Sin2iq,y /3 + bl 673 *cosiqan/3 + bP2 se 3" sin%

P2 1n Yin Ci
+ by 3 cosqun/3 +bl% e 3 smqun/3 = b, "

w=x,y;i=012,3n=123,..,N) (B21)
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Solving the six equations in Egs. (B12) and (B19), we determine the six undeter-

mined constants a,%i (w=x,y,z,i=0,1,2,3,4,5). Solving the six equations in Egs.

(B13) and (B20), we determine the six undetermined constants al}; (w=x,y; n=
1,2,3,..,N;i=0,1,2,3,4,5). Solving the six equations in Eqgs. (B14) and (B21), we de-

termine the six undetermined constants b5 ; (w = x,y; n=1,2,3,..,N; i = 0,1,2,3,4,5).
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