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Abstract—We devise a numerical method for solving the Poisson’s
equation using a convolutional neural network architecture,
otherwise known as deep learning. The method we have employed
here uses both feedforward neural systems and backpropagation
to set up a framework for achieving the numerical solutions of
the elliptic partial differential equations - more superficially the
Poisson’s equation. Our deep learning framework has two substantial entities. The first part of the network enables to fulfill the
necessary boundary conditions of the Poisson’s equation while the
second part consisting of a feedforward neural system containing
flexible parameters or weights gives rise to the solution. We have
compared the solutions of the Poisson’s equation arising from our
deep learning framework subject to various boundary conditions
with the corresponding analytic solutions. As a result, we have
found that our deep learning framework can obtain solutions
which are accurate as well as efficient.
Index Terms—Deep Learning, PDE Solutions, Poisson’s Equation

I. I NTRODUCTION
The Poisson’s equation is represented as ∇2 ϕ = −f , where
∇ is the standard elliptic Laplacian operator, ϕ and f are real
valued functions on a manifold. Here, given f , ϕ is usually
sought subject to a certain set of boundary conditions. This
equation is due to the French mathematician, S.D. Poisson who
dedicated his life to discovering and teaching mathematics,
as the words of Poisson himself highlight it, ‘life is good
for only two things, discovering mathematics and teaching
mathematics’.
The Poisson’s equation can be invoked whenever we are
required to study a field in which the gradient of it associated
to a force on an entity in which the force is conserved, i.e. the
energy difference between any two points in the force field is
independent of the path it takes. In this sense, the Poisson’s
equation is widely applicable to many practical problems in
engineering and physics. Examples include, modelling gravitational and electrostatic fields [1], surface reconstruction [2],
image processing [3] as well as other applications in geometric
design [4], [5], [6], [7], [8], [9], [18].
Many techniques for finding solutions of partial differential
equitations (PDEs) have been proposed. These include analytic
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methods such as the separation of variables, Green’s functions,
Fourier analysis [10] and many notable numerical schemes
such as the finite element method [11], the finite difference
method [12] and the finite volume method [13].
Though a great variety of numerical solution techniques for
solving the Poisson’s equation do exist, the efficiency, as well
as the computational complexities of such techniques, are still
questionable. As a result, our aim here is to see if emerging
machine learning techniques such as deep learning can be
utilised to efficiently solve PDEs.
The ability of deep learning in tackling problems such as
image classification have, for example, shown great promise
[14], [15], [16], [17]. One of the main features of deep learning
is that the effectiveness by which it can represent very complex
functions when compared to traditional methods such as the
use of finite elements or basis functions with a large number
of free parameters. Thus, the success of deep learning in
many computing related domains has inspired us to see the
possibility of utilising it in solving PDEs - more specifically
the Poisson’s equation in this case.
The rest of this paper is structured as follows. In Section
II, we discuss some of the basic concepts of deep learning.
In Section III, we discuss the formulation of our deep
learning approach to solve the Poisson’s equation. In Section
V, we discuss some relevant examples to demonstrate the
computational accuracy as well as the ease at which our
solution scheme can be implemented. Finally, in Section VI,
we conclude this paper.

II. D EEP L EARNING
Deep Learning is a domain of machine learning in which
a constructed model learns to perform a given task directly
from some knowledge of the data presented to it - be it
images, sound or text. Deep learning is often enforced by
the exploitation of neural network techniques. The term deep
itself means that a variety of layers are involved in the learning
process and in general, the more additional layers there are,
the better the model performs on the assigned task.
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As far as the definition goes, a neural network is a parallel
distributed information processing structure in the form of a
directed graph, where the nodes of the graph are called processing elements and the links are known as the connections.
Each processing element can contain any number of incoming
and outgoing connections, but the signal will be the same. A
single node is insufficient for practical problems and to avoid
this, networks with a large number of nodes are generally used.
In Figure 1, we illustrate the general form of a neural network
system.

To apply backpropagation learning procedure, the following
entities are required.
1.
2.
3.
4.
5.
6.

A set of normalised training patterns.
The value for the learning rate.
A criterion that terminates the algorithm.
A method to update the weights accordingly.
An activation function.
The initial values for the chosen weights.

III. P ROBLEM F ORMULATION
In this Section, we outline how we developed the deep learning
method to formulate the solution of Poisson’s equation. In
particular, we discuss how the neural network architecture
can be laid out and how the necessary gradient computations
can be performed for developing the general solutions of the
Poisson’s equation with given boundary conditions.
A. The Neural Network Architecture for Solving Poisson’s
Equation
Fig. 1. The general structure of a neural network system.

Deep learning systems are extensions of neural network systems which are derived from perceptrons. A multilayer perceptron (MLP) is a class of feedforward artificial neural network.
An MLP comprises of no less than three layers of nodes.
With the exception of the info nodes, every neuron has a nonlinear element in it. An MLP uses a directed learning method
called backpropagation. Its numerous layers and non-straight
initiation differentiates the MLP from a direct perceptron. A
solitary layer perceptron shapes half-plane choice districts,
a two-layer perceptron can frame a convex (polygon) and a
three-layer perceptron can frame subjectively complex choice
locales in the info space.

A. The Backpropagation Algorithm
A backpropagation method of artificial neural networks
(ANN) has three layers of neurons - an input, a hidden and
an output layer - where there are no connections between the
layers but they are fully connected between two consecutive
layers. There are two connections weight matrices between
them. They are,
(1) between an input and the hidden layer,
(2) and between the hidden and an output layer,
which can be used to calculate the gradient of error of
the network with respect to the network’s modifiable weights.
In addition to this, there is a learning rate, α, indicating how
much change in weight should influence the current weight
change.

The Poisson’s equation is a very powerful tool for modelling the behaviour of electrostatic systems. Often, numerical
simulations are utilised in order to model the behaviour of
complex geometries with the practical values. The neural
network approach as an efficient and computationally accurate
alternative is explored here. Here we illustrate this in terms
of the following general Poisson’s equation subject to general boundary conditions, i.e. both Dirichlet and/or Neumann
boundary conditions, such that,
−∆ u = f in Ω,
u = gD on ∂Ω,
u = gN on ∂Ω.
The unknown function u is a two variable entity, u = u(x, y),
such that it is defined over a two-dimensional domain Ω.
Solving a boundary value problem such as the Poisson’s
equation by our proposed method consists of following steps.
1. Identify the computational domain, the PDE (in this
case the Poisson’s equation), boundary conditions and the
source term, f .
2. Identify a trial solution for the problem which satisfies all
the boundary conditions.
3. Reformulate the trial solution by adding a feedforward
neural network term with an input and weight parameters.
4. Train the network and calculate appropriate weights.
The above functionalities can be performed using a computer
programming environment. In our case, we have written a
Python program which defines the computational domain, the
boundary value problem, trail solution, training routine and
analytical solution to compare with the numerical solution.
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B. Method of Multilayer Perceptron (MLP) Neural Network

C. Gradient Computation

There are different neural networks to find solution of
differential equations. Here we are concentrating on the trial
solution techniques similar to those proposed in [19], [20],
[21]. A method of MLP neural networks is based on the
function approximation capabilities of feedforward neural
networks and the construction of a trial solution which is
in a differentiable and closed analytic form. It employs
a feedforward neural network as the basic approximation
element whose parameters (or weights) are adjusted to
minimise an appropriate error function. Optimisation
techniques are used to minimise the loss function which in
turn require the computation of error gradient with respect to
the input and network parameters.
Let us consider the general Poisson’s problem to be solved
as,

Minimisation of the error function can also be treated
as a procedure of training the network where the error
corresponding to each input vector xi is the value f (xi )
which has to become zero. Computation of this error value
requires network output as well as the derivative of the output
with respect to the input vectors. Therefore, while computing
the error we need to compute not only the gradient of the
network but also the gradient of network derivatives with
respect to its inputs.

F (~x, u(~x), Ou(~x), O2 u(~x)) = G(~x), ~x ∈ D,

(1)

subject to certain boundary conditions where x ∈ Rn is
independent variable over the domain D ⊂ Rn and u(x) is
an unknown solution. To construct the trial solution ut (x, p),
we assume that the trial function satisfies the given boundary
conditions and it is the sum of two terms where the first term
is independent of adjustable parameters (or weights) and the
other is with weight parameters. For instance, a suppose trial
solution is written as follows,
ut (x, p) = A(~x) + G(~x) ∗ N (~x, p~),

(2)

where, N (x, p), is a feedforward neural network with weight
parameter p. The task is to learn the parameter p such that
Equation 1 is approximately solved by the form in Equation
2. to do this computation, we discretise the domain D and its
boundary S into a set of discrete points, D̂ and Ŝ respectively.
The problem is then transformed into a system of equations,
2

F (x~i , u(x~i ), Ou(x~i ), O u(x~i )) = G(x~i ), x~i ∈ D̂,

X

H

X
∂kN
(k)
k
=
vi wij
σ(zi ) ,
k
∂xj
i=1
(k)

σ(zi )

F (x~i , u(x~i , p~), Ou(x~i , p~), O2 u(x~i , p~)) = G(x~i ).

~
xi ∈ D

(4)
subject to the constraints imposed by boundary conditions.
A subtle point is that A(~x) must often be constructed from
piecewise boundary conditions. Furthermore, for a given problem there are multiple ways to construct A(~x) and G(~x).

denotes the k th order derivative of the sigmoid.

D. Formulation for the Poisson’s Equation
Considering the same problem as in Equation 5, subject to the
boundary conditions and initial conditions over domain D, the
boundary value problem for the general trial solution can be
cast as,
ut (x, y) = A(x, y) + x(1 − x)y(1 − y)N (x, y, p),
where A(x, y) is chosen as to satisfy the set of given boundary
conditions,
A(x, y) = (1 − x)f0 (y) + xf1 (y)+

(3)

subject to the constraints imposed by the boundary conditions.
This relaxation is general and independent of the form in
Equation 2 because with a given neural network it may not be
possible to exactly satisfy Equation 3 at each discrete point.
The problem is further relaxed to find a trial solution that
nearly satisfies Equation 3 by minimising a related error index.
If ut (x, p) is the trial solution with the adjustable parameters,
p, then the problem is transformed to an optimisation problem
which is the minimisation problem of the following form,
minp~

Consider a multilayer perceptron with n input units,
hidden layer with H sigmoid units and a output unit.
For a P
given input vector ~x the P
output of the network is
H
N
N =
v
σ(z
)
where
z
=
i
i
j=1 , wij xj + hi , wij is
i=H i
the weigth from: input unit (j) → hidden unit (i), vi is the
weigth from: hidden unit (i) → output value, σ(z) is the
sigmoid transfer function and hi is the hidden unit i. Then it
is easy to see that:

(1 − y){g0 (x) − [(1 − x)g0 (0) + xg0 (1)]}+
y{g1 (x) − [(1 − x)g1 (0) + xg1 (1)]}. (5)
For mixed boundary conditions of the form,
u(0, y) = f0 , 0 < y < 1,
u(1, y) = f1 , 0 < y < 1,
u(x, 0) = g0 , 0 < x < 1,
∂
u(x, 1) = g1 , 0 < x < 1,
∂y
where we have Dirichlet conditions on one part of boundary
and Neumann boundary conditions elsewhere, the trial solution
will look like,
ut (x, y) = B(x, y) + x(1 − x)y[N (x, y, p) − N (x, 1, p) − E,
where,
E=

∂
N (x, 1, p)],
∂y
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where B(x, y) is chosen to satisfy the set of given boundary
conditions,
B(x, y) = (1 − x)f0 (y) + xf1 (y)+
{g0 (x) − [(1 − x)g0 (0) + xg0 (1)]}+
y{g1 (x) − [(1 − x)g1 (0) + xg1 (1)]}. (6)
E. Alternative Way of Writing a Trial Solution
The analytic solution of Equation 5 can be written as,
ΣN
n=1 X(u, v)

= A0 (u) + Σ An (u)cos(nv) + Bn (u)sin(nv),

be approximated using finite difference method. The spatial
domain is discretised in x and y direction by equidistant nodes,
i.e., 4x = 4y = h,
1
∂2u
= 2 [u(i + 1, j) − 2u(i, j) + u(i − 1, j)],
∂x2
h

(9)

∂2u
1
= 2 [u(i, j + 1) − 2u(i, j) + u(i, j − 1)],
2
∂y
h

(10)

where, u(i, j) = u(ih, jh), 1 ≤ i, j ≤ N. Using Equations 8
and 9 in Equation 10, we get an ordinary differential equation
such that,

where,

uij = −auij + A? uij ,

A0 (u) = a00 + a01 u,

(11)

where the spatial correlation operator ? is defined as,
X
A? uij =
A(k − i, l − j)ukl ,

An (u) = an1 enu + an2 e−nu ,
Bn (u) = bn1 enu + bn2 e−nu ,

C(k,l)∈N (i,j)

where, a00 , a01 , an1 , an2 , bn1 , bn2 are all vector-valued
constants, whose values are determined by the imposed
boundary conditions. We can write A(x, y) in the trial
solution as the analytic solution since we need this term to be
satisfying the boundary conditions. The benefit of writing an
analytic solution as the first term of trial solution is we can
reduce the minimisation error and the value of loss function,
as can can be seen later in the examples.
Note that the second term of the trial solution does not
affect the boundary conditions since it vanishes at the part of
boundary where Dirichlet boundary conditions are imposed
and its gradient component normal to the boundary vanishes
at the part of the boundary where Neumann boundary
conditions are imposed. In the above PDE problems, the error
to be minimised is given by,
E(p) =

a > 0 1 ≤ i, j ≤ N , A is a 3 × 3 matrix known as the
network template. Here A is taken to be,


0
1/h2
0
A = 1/h2 −4/h2 + a 1/h2  .
0
1/h2
0
V. E XPERIMENTS AND R ESULTS
In this section, we discuss a number of experiments and their
results whereby we show how solutions of the Poisson’s equation in various forumlations can be generated and compared
upon.

X ∂ 2 u(xi , yi ) ∂ 2 u(xi , yi )
{
+
− f (xi , yi )}2 , (7)
2
2
∂x
∂y
i

where (xi , yi ) are points in [0, a] × [0, b].
IV. C OMPARISON WITH F INITE D IFFERENCE
The Poisson’s equation in the region of computation with
Dirichlet boundary condition can be described as,
O2 u(x, y) = f (x, y),

(8)

where D = 0 < x < a, 0 < y < b, with boundary conditions
as follows,
u(0, y) = f1 , 0 < y < b,

Fig. 2. The analytic solution, for the Example 1.

A. Example 1
u(a, y) = f2 , 0 < y < b,
u(x, 0) = g1 , 0 < x < a,
u(x, b) = g2 , 0 < x < a.
In order to compare our neural network that solves the
above equation, the second order spatial derivatives should

In this example, we consider the Poisson’s problem subject
to boundary conditions over the domain D = (0, 1) × (0, 1),
such that,
O2 u(x, y) = −5π 2 sin(πx)cos(2πy),

(12)
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Fig. 3. The Numerical Solution using the our deep learning method, for the
Example 1.

Fig. 5. Numerical Solution using the Finite Difference method, for the
Example 1.

Fig. 4. Error of the numerical solution from our approach against the exact
solution, for the Example 1.

Fig. 6. The analytic solution, for the Example 2.

where, D = 0 < x < 1, 0 < y < 1, with boundary conditions
as follows,
u(0, y) = 0, 0 < y < 1,

B. Example 2
We consider,

u(1, y) = 0, 0 < y < 1,
u(x, 0) = sin(πx), 0 < x < 1,
u(x, 1) = sin(πx), 0 < x < 1.
For the above boundary value problem, the general trial
solution is taken as,

O2 u(x, y) = −4e(x

2

+y 2 )

(x2 + y 2 + 1),

(13)

where, D = 0 < x < 1, 0 < y < 1 with boundary conditions
as follows,
2

ut (x, y) = A(x, y) + x(a − x)y(b − y)N (x, y, p),
where A(x, y) is chosen as to satisfy the set of given boundary
conditions,
A(x, y) = (1 − x) ∗ 0 + x ∗ 0+
(1 − y){sin(πx) − [(1 − x) ∗ 0 + x ∗ 0]}+
y{sin(πx) − [(1 − x ∗ 0 + x ∗ 0]},

u(0, y) = ey , 0 < y < 1,
2
u(1, y) = ey +1 , 0 < y < 1,
2
u(x, 0) = ex , 0 < x < 1,
2
u(x, 1) = ex +1 , 0 < x < 1,
For the boundary value problem the general trial solution can
be cast as,
ut (x, y) = A(x, y) + x(a − x)y(b − y)N (x, y, p),

A(x, y) = (1 − y)sin(πx) + ysin(πx) = sin(πx).
Figures 2, 3, 4 and 5 show the results for this example.

where, A(x, y) is chosen as to satisfy the set of given boundary
conditions,
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Fig. 7. The Numerical Solution using the our deep learning method, for the
Example 2.

Fig. 9. Numerical Solution using the Finite Difference method, for the
Example 2.

Fig. 8. Error of the numerical solution from our approach against the exact
solution, for the Example 2.

Fig. 10. The analytic solution, for the Example 3.

For above boundary value problem, the general trial solution
can be cast as,
2

A(x, y) = (1 − x)ey + xey
(1 − y){e

x2

2

+1

+

ut (x, y) = B(x, y) + x(1 − x)y[N (x, y, p) − N (x, 1, p) − E

− [(1 − x) + xe]}+
y{ex

2

+1

− [(1 − x)e + xe2 ]}.

Figures 6, 7, 8 and 9 show the results for this example.
C. Example 3
We consider the Poisson’s problem for mixed boundary conditions,
O2 u(x, y) = −2(2y 3 − 3y 2 + 1) + 6(1 − x3 )(2y − 1), (14)
D = 0 < x < 1, 0 < y < 1, with boundary conditions as
follows,

where
E=

∂
N (x, 1, p)],
∂y

where, B(x, y) is chosen as the same as the analytic solution
which is already satisfying the set of given boundary conditions or, can be chosen by the formula given in Equation 6,
with,
B(x, y) = (1 − x2 )(2y 3 − 3y 2 + 1),
or
B(x, y) = (1 − x)(2y 3 − 3y 2 + 1) − x2 + x.
Figures 10, 11, 12 and 13 show the results for this example.

u(0, y) = 2y 3 − 3y 2 + 1, 0 < y < 1,
u(1, y) = 0, 0 < y < 1,
u(x, 0) = 1 − x2 , 0 < x < 1,
uy (x, 1) = 0, 0 < x < 1.

D. Example 4
We consider,
O2 u(x, y) = 0,

(15)
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Fig. 11. The Numerical Solution using the our deep learning method, for the
Example 3.

Fig. 13. Numerical Solution using the Finite Difference method, for the
Example 3.

Fig. 14. The analytic solution, for the Example 3.
Fig. 12. Error of the numerical solution from our approach against the exact
solution, for the Example 3.

VI. C ONCLUSION
where D = 0 < x < 1, 0 < y < 1, with boundary conditions
as follows,
u(x, y) = 0, ∀x ∈ {(x, y) ∈ D|x = 0, x = 1, ory = 0}
u(x, y) = sin(πx), ∀x ∈ {(x, y) ∈ D|y = 1}.
For the above boundary value problem, the general trial
solution is taken as,
ut (x, y) = A(x, y) + x(a − x)y(b − y)N (x, y, p),
where, A(x, y) is chosen as to satisfy the set of given boundary
conditions,
A1 (x, y) = ysin(πx),
or,
A2 (x, y) =

(eπ

1
sin(πx)(eπy − e−πy ).
− e−π )

Figures 14, 15 and 16 show the results for this example.

In this paper, we discuss a method of solving Poisson’s
equation that relies on the ability of function approximation
capabilities of the feedforward neural networks and provides
accurate and differentiable solutions in a closed analytic form.
Thus, a designed and trained cellular neural network is shown
to be able to simulate the solutions of PDEs.
We show how a convolutional neural network modified by a
backpropagation algorithm can be utilised to numerical solve
PDEs. Results show that designed neural network can be as
precise as the analytic solutions. The success of the method
can be attributed to two factors. The first is the employment of
neural networks that are excellent in approximating functions
that are of complex nature and the second is the form of
the trial solution that satisfies by way construction of the
boundary conditions. Therefore the constrained optimisation
problem becomes substantially simpler than an unconstrained
problem. Unlike most previous approaches, the method is
general and can be applied to solve both ordinary as well as
partial differential equations by constructing the appropriate
form of the trial solution.
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