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Abstract—We propose a variant of convex reformulation of
the standard variational model with non-convex data terms. The
proposed convex relaxation of multilabel problems is a continuous
formulation of Ishikawa’s method for extension of the graph min-
cut to the multilabel problems. Our convex continuous reformu-
lation is based upon functional lifting to a higher-dimensional
space using superlevel functions. We solve the resulting convex
variational problem by the augmented Lagrangian method. The
most time consuming part of this method is the numerical
solution of a boundary value problem for the Poisson equation in
three-dimensional space, which is implemented by means of a fast
Poisson solver. We illustrate the developed theory with several
numerical examples for the standard correspondence problem
for a rectified stereo image pair.

Index Terms—Computer vision, Optimization, Minimization
methods

I. INTRODUCTION

Solutions to many image processing problems are formu-
lated as a global minimum of suitable functionals; see e.g., [5],
[12]. Although there exist fast local solution procedures, the
global variational methods can be more attractive since they
are, e.g., more robust to various image corruptions. The biggest
challenge in solving by variational methods is non-convex
minimization problems, for which the standard methods such
as the simplest and widely used gradient descent method do
not guarantee convergence to the global minimum.

To be more specific, we consider the classical variational
model of the form

arg min
u

∫
Ω

F (x, u(x))dx+ α

∫
Ω

|∇u(x)|dx, (1)

where the second term in (1) is the total variation (TV) regu-
larizer introduced in [17]. The model (1) has been intensively
studied in the discrete setting as a labeling problem (see [7],
[8])

arg min
u

∑
x∈Ω

F (x, u(x)) + α
∑

y∈N (x)

R(u(x), u(y)), (2)

where Ω is the discrete set of all pixels, N (x) is the neigh-
borhood of pixel x, and the discrete function u(x) takes the
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values in the label set {1, . . . , L}. The first term in (2) is
the data fidelity term which determines pointwise optimality
conditions on the solution u(x). Since the pointwise minimum
of F gives a very noisy solution, the second term in (2) is
needed to enforce the desired smoothness of u(x). A typical
regularization term is given by the anisotropic total variation
of the form R(u, v) = |u− v|.

H. Ishikawa in [7], [8] has shown that the discrete vari-
ational problem (2) can be solved in polynomial time by
graph cut methods based on the maxflow algorithms when
R(u, v) = R̄(u− v) for some convex function R̄. Ishikawa’s
method is applicable to the discrete variational problems with
an arbitrary function F , i.e. F (x, u) can be non-convex in u.
The authors of [3], [20] propose approximate fast minimization
algorithms for solving (2) with more general regularizers
including second order smoothness terms.

It is well-known [9], [13] that the discrete model (2) suffers
from the so called grid bias effect, where the image edges in
the computed solution are forced to be locally aligned with the
pixel grid lines. A significant work has been done to eliminate
the grid bias effect with the help of continuous analogs of
Ishikawa’s method; see e.g., [1], [9]–[11], [13], [14], [22],
[23]. The dominating approach in these publications is the so-
called functional lifting, where the initial variational problem
is reformulated in terms of the super-level functions for the
solution u(x), leading to a convex variational formulation as
in [4], [13], [14]. The price of such convex relaxation is a
very high increase of computational costs caused by adding
an extra dimension to the initial problem. In [9], [10], the
functional lifting is combined with a special piecewise convex
approximation in order to achieve subpixel accuracy between
the integer labels.

A. Our contribution

In this work, we propose a continuous convex reformulation
(or relaxation) of the variational problem (1), which is contin-
uous both in the space variables x and in the space of labels
u. Our reformulation can be considered as an alternative to
the convex formulation of [13]. We also incorporate a priori
known values of solution u(x) into the convex reformulation.
Other contributions include an efficient numerical scheme for
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solving the obtained convex problem based on the augmented
Lagrangian method and using the fast Poisson solvers.

II. CONVEX RELAXATION FOR A VARIATIONAL MODEL

We study the following minimization problem

min
a≤u(x)≤b

∫
Ω

F (x, u(x))dx+ α

∫
Ω

|ux(x)|dx, (3)

where the unknown real-valued function u : Ω → [a, b] is of
bounded variation, Ω = [0, L1] × [0, L2] × · · · × [0, Ln] is
a rectangular domain in Rn, and α > 0 is a regularization
parameter. By ux we denote the gradient vector [ux1 , . . . , uxn ]
and |ux(x)| =

√
u2
x1

+ . . .+ u2
xn

is the Euclidean length of
the gradient.

For a given function u(x), we introduce the superlevel set
function φ : [a, b]× Ω→ {0, 1} by the formula

φ(t, x) =

{
1, if u(x) ≥ t,
0, if u(x) < t,

(4)

The function φ(x, y) is binary and monotonically non-
increasing with respect to variable t. Owing to the monotonic-
ity the original function u(x) can be reconstructed from φ(t, x)
by the formula

u(x) = a+

∫ b

a

φ(t, x)dt. (5)

Theorem 1: If u∗(x) is a solution of the minimization prob-
lem (3), then its superlevel set function φ∗(t, x), constructed
in (4), is a solution of the following minimization problem:

φ∗ = arg min
φ∈Φ{0,1}

E(φ), (6)

E(φ) =

∫ b

a

∫
Ω

∂F (x, t)

∂t
φ(t, x)dtdx (7)

+ α

∫ b

a

∫
Ω

|φx(t, x)|dtdx,

Φ{0,1} = {φ | φ(t, x) : [a, b]× Ω→ {0, 1}; (8)
φ(a, x) = 1 and φ(b, x) = 0 ∀x;

φ(t1, x) ≥ φ(t2, x)) whenever t1 < t2}.

The converse is also true: if φ∗ is the superlevel set function
of u∗ and a solution of the minimization problem (6)-(8), then
u∗ is a solution of (3).

Proof: The first term in energy (7) is transformed using the
structure φ(t, x) = 1 for a ≤ t < u(x) and φ(t, x) = 0 for
u(x) ≤ t ≤ b:∫ b

a

∫
Ω

∂F (x, t)

∂t
φ(t, x)dtdx

=

∫
Ω

(∫ b

a

∂F (x, t)

∂t
φ(t, x)dt

)
dx

=

∫
Ω

(∫ u(x)

a

∂F (x, t)

∂t
dt

)
dx

=

∫
Ω

F (x, u(x))dx−
∫

Ω

F (x, a)dx.

The second term in (7) is transformed by means of the coarea
formula [6] in the last equality:∫ b

a

∫
Ω

|φx(t, x)|dtdx

=

∫ b

a

Perimeter{x | φ(t, x) = 1}dt

=

∫ b

a

Perimeter{x | u(x) ≥ t}dt

=

∫
Ω

|ux(x)|dx.

�
Theorem 2 (Convex relaxation): If φ∗(t, x) is a solution of

the relaxed (from Φ{0,1} to Φ) minimization problem

φ∗ = arg min
φ∈Φ

E(φ), (9)

E(φ) =

∫ b

a

∫
Ω

∂F (x, t)

∂t
φ(t, x)dtdx (10)

+ α

∫ b

a

∫
Ω

|φx(t, x)|dtdx,

Φ = {φ | φ(t, x) : [a, b]× Ω→ [0, 1]; (11)
φ(a, x) = 1 and φ(b, x) = 0 ∀x;

φ(t1, x) ≥ φ(t2, x)) whenever t1 < t2},

then the binary function

φθ∗(t, x) =

{
1, if φ∗(t, x) ≥ θ,
0, if φ∗(t, x) < θ,

(12)

is a solution of (6)-(8) for each threshold value θ ∈ (0, 1).
Proof: Owing to the coarea formula,∫

Ω

|φx(t, x)|dx =

∫ 1

0

Perimeter{x | φ(t, x) ≥ θ}dθ

=

∫ 1

0

Perimeter{x | φθ(t, x) = 1}dθ

=

∫ 1

0

(∫
Ω

|φθx(t, x)|dx
)
dθ.

Since φ(t, x) =
∫ 1

0
φθ(t, x)dθ,∫

Ω

∂F (x, t)

∂t
φ(t, x)dx

=

∫
Ω

∂F (x, t)

∂t

(∫ 1

0

φθ(t, x)dθ

)
dx

=

∫ 1

0

∫
Ω

∂F (x, t)

∂t
φθ(t, x)dθdx.

It follows that

E(φ) =

∫ 1

0

(∫ b

a

∫
Ω

[
∂F (x, t)

∂t
φθ(t, x)

+|φθx(t, x)|
]
dtdx

)
dθ.



The extremal values m = minφ∈Φ = E(φ∗) and M =
minφ∈Φ{0,1} E(φ) obviously satisfy the inequality m ≤ M .
On the other hand, the above formula implies that

E(φ∗) =

∫ 1

0

E(φθ∗)dθ ≥
∫ 1

0

Mdθ = M.

Hence m = M .
Since E(φθ∗) ≥ M and

∫ 1

0
E(φθ∗)dθ = M , we have the

equality E(φθ∗) = M for almost all θ ∈ (0, 1). Necessary
arguments for a proof of the equality E(φθ∗) = M for all
θ ∈ (0, 1) are found in [2]. �

III. VARIATIONAL PROBLEM FOR SOLVING (3)

We introduce an auxiliary function p(t, x) such that p =
(p0, p1) = ∇φ, where ∇φ = (φt, φx) is the full gradient
of φ(t, x) and |p1| = ‖p1‖2 is the Euclidean norm of φx.
Then (9)-(11) can be substituted with the constrained convex
minimization problem

min
φ,p

∫
[a,b]×Ω

∂F (x, t)

∂t
φ(t, x)dtdx (13)

+ α

∫
[a,b]×Ω

|p1(t, x)|dtdx,

p0 =φt, p1 = φx; p0 ≤ 0, φ(a, x) = 1, φ(b, x) = 0. (14)

The global minimum solution to (3) is given by

u(x) = a+

∫ b

a

φ∗(t, x)dt, (15)

where φ∗ is a solution to (13)-(14).

IV. THE AUGMENTED LAGRANGIAN METHOD

The convex variational problem (13)-(14) is numerically
solved by using the augmented Lagrangian (AL) method (cf.
[21]) with the augmented Lagrangian

L(φ, p, λ) =

∫
[a,b]×Ω

[
∂F

∂t
φ+ α|p1|+ 〈λ, p−∇φ〉 (16)

+
c

2
‖p−∇φ‖22

]
dtdx,

where p = (p0, p1). The inner vector product 〈λ, p − ∇φ〉 is
Euclidean. The constant c > 0 is sufficiently large but is not
required to tend to infinity.

The AL method is implemented by
Algorithm AL
1) Set k = 0 and initialize pk = 0 and λk = 0.
2) Find solution φk+1 of the minimization problem

φk+1 = arg min
φ

φ(a,x)=1
φ(b,x)=0

L(φ, pk, λk)

3) Find the dual variable pk+1 by solving the minimization
problem

pk+1 = arg min
p=(p0,p1)
p0≤0

L(φk+1, p, λk)

4) Update multiplier λ in accordance with to the augmented
Lagrangian method as

λk+1 = λk + c(pk+1 −∇φk+1)

5) Set k = k + 1 and go to step 2.

The AL algorithm is based on solutions to the following
subproblems.

a) Minimization with respect to φ: Step 2 of the AL
algorithm concerns the optimization problem minF(φ) with
the functional

F(φ) =

∫
[a,b]×Ω

[
Ftφ− 〈λ,∇φ〉+

c

2
‖p−∇φ‖22

]
dtdx

and boundary conditions φ(a, x) = 1, φ(b, x) = 0. Represent-
ing variation of φ in the form φ + εψ, where ε is infinitely
small, yields

F(φ+ εψ)−F(φ)

= εc

∫
[a,b]×Ω

[(Ft/c)ψ + 〈∇φ− p− λ/c,∇ψ〉] dtdx.

Lemma 1: If
∫

[a,b]×Ω
(fψ+〈v,∇ψ〉)dtdx = 0 for all ψ(t, x)

such that ψ(a, x) = 0 and ψ(b, x) = 0, then

f − (v0)t −
n∑
i=1

(vi)xi
= 0

and

vi(t, x)|xi=0 = 0, vi(t, x)|xi=Li = 0

for all i = 1, . . . , n.
Proof: Owing to 〈v,∇ψ〉 = div(vψ)−(div v)ψ we have the

equality∫
[a,b]×Ω

(fψ + 〈v,∇ψ〉)dtdx =

∫
[a,b]×Ω

(f − div v)ψdtdx

+

∫
[a,b]×Ω

[
(v0ψ)t +

n∑
i=1

(viψ)xi

]
dtdx.

Since ψ is arbitrary with ψ(a, x) = ψ(b, x) = 0, we obtain
f − div v = 0, vi(t, x)|xi=0 = 0, and vi(t, x)|xi=Li = 0. �

Applying Lemma 1 with f = Ft/c and v = ∇φ−(p+λ/c)
gives the Poisson equation

φtt+

n∑
i=1

φxixi = Ft/c+(p0+λ0/c)t+

n∑
i=1

(pi+λi/c)xi (17)

with the boundary conditions

φ(a, x) = 1, φ(b, x) = 0, (18)
φxi(t, 0) = (pi + λi/c)(t, 0), (19)
φxi(t, Li) = (pi + λi/c)(t, Li).



b) Minimization with respect to p: Step 3 of the AL
algorithm requires solution to the problem

arg min
p0,p1 : p0≤0

α|p1|+ 〈λ, p−∇φ〉+
c

2
‖p−∇φ‖22 (20)

= arg min
p0,p1 : p0≤0

2α

c
|p1|+ ‖p− (∇φ− λ/c)‖22.

Let us denote

q0 = φt − λ0/c and q1 = φx − λ1/c. (21)

Solution to minp0≤0 |p0 − q0|2 is p0 = min(q0, 0). The
minimum point of 2α

c |(p1)i|+ |(p1)i − (q1)i|2 is obtained by
the aid of Lemma 2 below.

As a result, solution to (20) is given by the formulas

p0 = min(q0, 0), (22)

(p1)i =

{
(|(q1)i| − α/c)sign(q1)i, |(q1)i| − α/c > 0,
0, otherwise.

(23)

Lemma 2: Given real numbers α > 0 and β, the minimum
value of the strictly convex function f(x) = α|x|+ 1

2 |x− β|
2

is attained at

x =

{
β − sign(β)α, if |β| > α,
0, otherwise,

or equivalently, x = max(|β| − α, 0)sign(β).
Proof: f ′(x) = x− β + α for x ≥ 0 and f ′(x) = x− β − α
for x ≤ 0. It follows that f ′(−∞) = −∞, f ′(−0) = −α−β,
f ′(+0) = α − β, f ′(+∞) = +∞. If |β| ≤ α, then the
minimum is attained at x = 0. If β > 0, then the minimum
point is x = β − α. If β < −α, then so is x = β + α. �

V. DISSIMILARITY FUNCTION F (x, t) AND ITS DERIVATIVE
Ft(x, t)

Our main application is the stereo correspondence problem;
see e.g., [18]. The input data is given by functions L(x, y)
and R(x, y), which represent a rectified stereo pair of left
and right 2-dimensional images with the horizontal coordinates
0 ≤ x ≤ Lx and vertical coordinates 0 ≤ y ≤ Ly . Disparity
t = t(x, y) is the parallel translation along the horizontal
direction such that a point (x, y) in the left image L matches
the point (x− t(x, y), y) in the right image R. We emphasize
that the disparity map t(x, y) ≥ 0 defined above is tied to the
points (x, y) in the image L. A disparity map, which is tied
to the image R, can be defined in a similar way. The disparity
map allows us to compute the depth map by means of the
standard formula

disparity =
focus · baseline

depth
,

where baseline is the distance between the focal points of the
two rectified stereo cameras, which took the images L and R.
We assume that both cameras have equal focal length denoted
by focus.

We use the simplest dissimilarity function

F (x, y, t) = |L(x, y)−R(x− t(x, y), y)|. (24)

Its derivative Ft(x, y, t) is given by the formula

Ft(x, y, t) = sign(L(x, y)−R(x− t, y))Rx(x− t, y), (25)

where sign denotes the sign of a real number. Since a ≤ t ≤ b,
the range of variable t in (24) and (25) for a fixed x coincides
with the interval

max(x− Lx, a) ≤ t ≤ min(x, b).

References to the literature discussing more sophisticated
dissimilarity functions can be found in [18], [19].

VI. SOLVING THE POISSON EQUATION IN RECTANGULAR
DOMAINS

The Poisson equation in the three-dimensional rectangular
domain [a, b]× [0, Lx]× [0, Ly] in (17) reads

φtt + φxx + φyy = f(t, x, y). (26)

Its solution φ(t, x, y) obeys the Dirichlet boundary conditions

φ(a, x, y) = 1, φ(b, x, y) = 0

and the Neumann boundary conditions

φx(t, 0, y) = (p1 + λ1/c)(t, 0, y),

φx(t, Lx, y) = (p1 + λ1/c)(t, Lx, y),

φy(t, x, 0) = (p2 + λ2/c)(t, x, 0),

φy(t, x, Ly) = (p2 + λ2/c)(t, x, Ly).

Below we show how the Poisson equation (26) is solved by
means of the fast discrete sine and cosine transforms; cf. [15].

Let us denote by C the orthogonal (n+ 1)× (n+ 1) matrix
of the discrete cosine transform (DCT) of order n + 1 deter-
mined in MATLAB by the command C=dct(eye(n+1)).
Similarly, S denotes the orthogonal n×n matrix of the discrete
sine transform (DST) of order n, determined in MATLAB
as S = sqrt(2/(n+1))*dst(eye(n)). Note that S is
symmetric. The singular value decomposition of the first order
differentiation matrix B of size n × (n + 1) is given by the
formula

B =


−1 1

−1 1
. . . . . .

−1 1



= ST


0 σ1

0 σ2

. . . . . .
0 σn

C,
where

σk = −2 sin
kπ

2(n+ 1)
.

Hence the operator ∂2/∂x2 with Neumann conditions is
approximated by the matrix

− 1

h2
x

BTB = CT diag(−σ2
k/h

2
x)C, k = 0 : nx.



Similarly, the operator ∂2/∂t2 with Dirichlet conditions is
approximated by the matrix

− 1

h2
t

BBT = ST diag(−σ2
k/h

2
t )S, k = 1 : nt.

Here the values hx = Lx/nx, hy = Ly/ny , and ht = (b −
a)/(nt + 1) denote the steps of a uniform grid.

Let Φ(t, x, y) be a 3-dimensional array indexed by the
discrete indices t, x, y, which approximates φ(t, x, y) on the
uniform grid with the constant steps ht, hx, hy . The Poisson
equation (26) is discretized by the central differences in all
3 directions. The discretized Neumann boundary conditions
are scaled so that the operator ∂2/∂x2 is approximated by
− 1
h2
x
BTB. After application of the DST transform to Φ with

respect to t and 2 DCT transforms with respect to x and y the
discretized Poisson equation is reduced to a diagonal system
of linear equations. The diagonal entries of its matrix equal

D(k, i, j) = −4

[
sin2 kπ

2(nt+1)

h2
t

+
sin2 iπ

2(nx+1)

h2
x

+
sin2 jπ

2(ny+1)

h2
y

]
,

k = 1 : nt, i = 0 : nx, j = 0 : ny.

The arithmetic complexity of the resulting Poisson solver is

nt(nx + 1)(ny + 1)O(log(nt(nx + 1)(ny + 1))).

The algorithm requires memory storage for 7 large arrays φ,
p0, p1, p2, λ0, λ1 and λ2. Therefore, the minimal volume of
memory must be enough to store 7nt(nx+1)(ny+1) floating
point numbers. Additional memory can be used e.g., for the
discretized function Ft(x, y, t) and for assembling the right-
hand side of the Poisson equation.

VII. VARIATIONAL MODEL WITH MATCHING FEATURE
POINTS

Suppose that the function u(x, y) from (3) is known in a
number of points (xi, yi), i = 1, . . . , I, i.e., u(xi, yi) = ti for
a set of predetermined values ti. Such situation may arise in
the stereo correspondence problem when the so called feature
points in the images L and R are computed and then a number
of matching pairs from the feature points between the stereo
images is found.

Let us constrain the binary function φ in these points as

φ(t, xi, yi) =

{
1, if t ≥ ti,
0, if t < ti.

(27)

Then we simply add the constraints (27) to the terms contain-
ing the constraint p − ∇φ = 0 in the augmented Lagrangian
functional (16).

The Poisson equation (17) is destroyed after adding the
constraints (27), and the fast Poisson solver can not be
used directly for solving the resulting elliptic differential
equation. A possible solution, which actually works, is the
use of the conjugate gradient (CG) iteration preconditioned
by the Poisson solver described in the previous section. The

convergence of the preconditioned CG method usually occurs
after 2 iterations.

VIII. NUMERICAL EXAMPLES

In this section, we demonstrate numerical results obtained
by our algorithm for three datasets with RGB images from
the standard Middlebury stereo database [16]. The algorithm
was implemented in MATLAB. We recall that our algorithm
uses the most computer time for solving the Poisson equation,
which is carried out by the aid of the fast DCT and DST
transforms.

The dissimilarity function used in our computation is the
sum of absolute differences of intensities for all three color
channels

F (x, y, t) =
∑

C={R,G,B}

|LC(x, y)−RC(x−t(x, y), y)|. (28)

We have selected the datasets Tsukuba, Teddy and Cones
similarly to [13]. However, the datasets are not preprocessed
as in [13].

A. Tsukuba dataset

The rectified stereo image pair Tsukuba of the smallest size
from [16] consists of two RGB images having width 384
and height 288. The image from the left camera is shown
in Figure 1.

The corresponding image of the true disparity is also
available for this stereo pair in [16]; see Figure 2. The provided
disparity map has 256 gray levels but it can be scaled to the
interval [0, 15] of integer numbers without any loss. The scaled
image has only the values (or labels) 0, 5, 6, 7, 8, 10, 11, 14.

The interval (in pixels) containing all disparity values is
[a, b] = [0, 16].

The suitable parameters in the augmented Lagrangian (16)
are equal to α = .1 and c = .1. The number of iterations of the
augmented Lagrangian method is 100. The label space [a, b]
is divided into 32 subintervals of the length ht = (b− a)/32.

Figure 3 shows the computed disparity map for the Tsukuba
rectified stereo pair.

B. Teddy and Cones datasets

The datasets Teddy and Cones of smallest size from [16]
contain rectified stereo image pairs of width 450 and height
375. The left images are displayed in Figures 4 and 7. The
corresponding true disparities are also available in [16]; see
Figures 5 and 8. The interval (in pixels) containing all disparity
values is [a, b] = [0, 64].

We used the parameters α = .1 and c = .1 in the augmented
Lagrangian for both images. The number of iterations of the
augmented Lagrangian method is 100. The label space [a, b]
is divided into 128 equal subintervals.

Figure 6 shows the computed disparity map for the Teddy
stereo pair and Figure 9 for the Cones stereo pair.



Fig. 1. Left image of the Tsukuba stereo pair

Fig. 2. True disparity map for the Tsukuba stereo pair

Fig. 3. Computed disparity map for the Tsukuba dataset

Fig. 4. Left image of the Teddy stereo pair

Fig. 5. True disparity map for the Teddy stereo pair

IX. CONCLUSION

We have developed a fully continuous convex relaxation of
the labeling variational problem with the TV regularization,
which is an alternative variant of the relaxation from [13].
The resulting variational formulation is solved by means of
the augmented Lagrangian method. The most time consuming
part of this method is solving a boundary value problem for
the 3D Poisson equation. We solve this problem by the fast
Poisson solver based on the fast Fourier transform.

Our numerical experiments shows that the new convex
variational model produce numerical results of similar quality
as the method in [13] because both methods give the global
solution of the same initial variational model. The augmented
Lagrangian method often has very fast convergence, and
comparison of the practical convergence rates for the presented
method and that of [13] is further required.



Fig. 6. Computed disparity map for the Teddy dataset

Fig. 7. Left image of the Cones stereo pair
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